In order to determine whether a special sea area and its sea state are available for the jack-up riser with surface blowout preventers, an analytical method is presented to estimate the jack-up riser's wave loading fatigue life in this study. In addition, an approximate formula is derived to compute the random wave force spectrum of the small-scale structures. The results show that the response of jack-up riser is a narrow band random vibration. The infinite water depth dispersion relation between wavenumber and wave frequency can be used to calculate the wave force spectrum of small-scale structures. The riser's response mainly consists of the additional displacement response. The fatigue life obtained by the formula proposed by Steinberg is less than that of the Bendat method.
Introduction
The jack-up platform often uses surface blowout preventers (BOP) to drill exploratory well in shallow sea (under 90 m water depth, as shown in Figure 1 ). This kind of drilling process is widely used due to its low cost. However, as the mainstream jack-up platform can be operated in 122 m water depth, the lateral rigidity of the platform decreases with the increase of water depth, which makes the platform in a random vibration status. The platform's vibration can reduce the drilling riser's service life. Therefore, it is necessary to study the random response of the jack-up riser.
In this study, we choose the jack-up riser as the research object. The riser is modelled as a Bernoulli-Euler beam, the joint between the riser and the platform can be regarded as a hinge, and the riser's lower end is clamped on the seabed. The platform's vibration could be treated as the riser's timedependent boundary condition, and the riser bears the axial compressive load resulting from surface BOP. Thus, the jackup riser is modelled as an axial loaded Bernoulli-Euler beam with time-dependent boundary condition.
Many researches have been done on the fatigue analysis of marine riser. Trim et al. [1] introduced a series of experiments on riser models over a range of scales and current conditions; their research results suggest that a key consideration in vortex-induced vibration (VIV) fatigue design is the length of suppression coverage, as well as the nature of the flow to which the bare section of the riser is exposed. Based on the energy equilibrium theory and the forced vibration experimental data of a rigid cylinder, Xue et al. [2] presented a prediction model of VIV fatigue damage for riser accounting for both cross-flow and in-line vibrations. Considering parametric excitations, Zhang and Tang [3] investigated VIV fatigue analysis of deep-water risers in shear flow. Low and Srinil [4] made a VIV fatigue reliability analysis of marine risers with uncertainties in the wake oscillator model. Xu et al. [5] proposed a quick and accurate VIV model to predict the fatigue life of marine drilling risers. Low [6] extended a time/frequency domain hybrid method for the fatigue analysis of risers, and the linearized frequency domain approach is proven to be adequate in mild sea states. Li and Low [7] studied the influence of low-frequency vessel motions on the fatigue response of steel catenary risers at the touchdown point. Elosta et al. [8] studied the fatigue performance's sensitivity to geotechnical parameters with a parametric study. Low [9] proposed a variance reduction approach for the long-term fatigue analysis of offshore structures by Monte Carlo simulation. As for beam's dynamic analysis, the vibratory response of a beam with timedependent boundary conditions can be obtained by Laplace transform [10, 11] and the Mindlin-Goodman method [12] [13] [14] [15] [16] . In the Mindlin-Goodman method, the nonhomogeneous boundary conditions are transformed into homogeneous ones. Therefore, the method of separation of variables can be used to solve the beam's response [17] . Besides, the influence of axial load on the dynamics of structures has attracted much attention as a result of its wide applications [18] [19] [20] . However, only few researches on the jack-up riser's fatigue life estimation can be found in literature; and it is necessary to determine the riser's random response before drilling an oil well in the deep-shallow sea. The riser's fatigue life can be applied as a quantitative criterion to judge whether a jackup riser with surface BOP can be used in a special sea area. Therefore, we propose an analytical method to estimate the jack-up riser's wave loading fatigue life by the MindlinGoodman method and the Steinberg method in frequency domain.
The current paper is organized as follows. Firstly, the mathematical model is established in Section 2. And then the analytical procedure to solve the problem is presented in Section 3. Subsequently, a case study is carried out in Section 4. Finally, several conclusions are summarized in Section 5.
Mathematical Model
Since the jack-up riser has characteristics of small inclination angle and little deformation, its lateral motion is governed by the following equation [3, 5] :
In (1), is the time, is the coordinate measured along the axis of riser, ( , ) is the transverse deflection of the beam axis, is the modulus of elasticity, is the area moment of inertia, ( ) is the beam with an axial compressive force, is the mass per unit length, and is the damping coefficient. In this study, to simplify the computational process, the axial force at the riser's midpoint is used as the average axial force [5] . Equation (2) presents the riser's time-dependent boundary conditions at = 0 and = :
where is the length between the riser's clamped end and hinged end and ( ) is the random vibration response of the platform. The wave is a stationary Gaussian random process and the jack-up platform can be modelled as a linear system. By the Morison equation and the linearization method proposed by Borgman [21] , ( ) can be treated as a stationary Gaussian random process. The beam's transverse deflection ( , ) is decomposed into two parts according to the Mindlin-Goodman method: one is quasi-static displacement ( , ) resulting from the platform vibration and the other one is additional displacement ( , ) due to the dynamic inertial force [22] .
where ( ) is static influence function, ( ) is the shape function of the riser, and ( ) is the modal coordinate of th mode. The boundary conditions of ( , ) and ( , ) are formulated by the following equations:
(0, ) = 0 (0, ) = 0;
The index is determined by the boundary conditions; for the jack-up riser, = 1, and ( ) can be obtained by initial parametric method [22] .
Substituting (3) into (1),
where eq is the equivalent load.
As a result of (8), the first item's value in the right side of (10) is zero; therefore, (10) can be rewritten as
The frequency equation of the riser's lateral vibration is derived as
In (13), represents solutions of (12), is frequency coefficient, and is axial force impact factor.
where is circular frequency. Mode functions of the riser's lateral vibration are formulated by the following equation:
Analysis

Random Vibration Analysis of the Jack-Up Platform.
As the lateral vibration of the riser is mainly induced by the platform's horizontal vibration, the response of the platform has to be calculated firstly. According to the rules of the China Classification Society (CCS), we choose the single degree of freedom model to describe jack-up platform. Therefore, the motion of the platform can be formulated by the following equation:
where is equivalent mass of the platform, is equivalent bending stiffness, and ( ) is random wave load.
The frequency response function of the platform is formulated as
In this study, Pierson-Moskowitz spectrum is used to model the wave.
( ) = 0.78
) .
In (18), ( ) is Pierson-Moskowitz spectrum, and is the significant wave height.
According to the Morison equation and Borgman's linearization method, the wave force spectrum of one leg at arbitrary height can be obtained by the following equation:
where is drag force coefficient, is inertia force coefficient, is wavenumber, is the density of seawater, is the gravitational acceleration, ℎ is the coordinate along the leg, is leg's equivalent outer diameter, and is water's depth.
Based on (19) , the wave force spectrum of one leg ( ) can be obtained by the integral along the direction of the water depth.
In (20),
Under a certain water depth, 2 is the variance of water particle's horizontal speed. Considering the fact that the linearization of the drag force is an approximate treatment, the integral in (21) is calculated by Pierson-Moskowitz spectrum only, and the variance can be obtained as
Substituting (22) into (20), the approximate expression of one leg's total wave force spectrum can be obtained as follows:
According to the definition of power spectral density function and the relationship between autocorrelation function and power spectral density function, the total wave force spectrum of the platform ( ) can be derived by the following equation:
Based on (17) and (24), the random response spectrum of the platform can be obtained as
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Riser. Substituting (4) and (5) into (9) generates
It can be deduced from (7) that the additional displacement has the homogeneous boundary condition; therefore, its mode shape functions conform to the following relationship:
Equation (28) can be obtained by substituting (27) into (26).
Then, (28) can be decoupled to (29) by the orthogonality conditions.̈(
where and are weight coefficients of equivalent load.
According to the linear theory, the frequency response function of the th-order modal coordinates of the riser's additional displacement versus ( ) can be obtained in the following equation:
And then the frequency response function of additional displacement versus ( ) can be obtained by (5) and (31).
Let ( , ) denote the power spectral density function of ( , ), and let ( , ) denote the cross power spectral density function between ( , ) and ( ). Based on (25) and (32), ( , ) and ( , ) can be obtained as follows:
The relationship between displacement and stress can be expressed as
where ( , ) denotes stress and is the bending modulus of the riser.
On the basis of (32) and (35), we can get the frequency response function of the riser's stress resulting from ( , ): (36) Then, the power spectral density function of stress resulting from ( , ) can be obtained by (33) and (36):
And the cross power spectral density function of the stress can be obtained in the following equation: As the definition of autocorrelation function and the Wiener-Khintchine principle, the power spectral density functions of the stress resulting from ( , ) can be generated in the following equation:
According to the spectrum's summation formula, the power spectral density functions of the riser's bending stress can be obtained by combining (37), (38), and Eq. (39).
In Eq. (40), Re[ ( , )] denotes the real part of ( , ).
Fatigue Life Estimation.
Based on the above analysis, the fatigue life estimation is carried out subsequently.
Because the jack-up riser is operated in corrosion environment, the S-N curve of nontubular joints in sea water is applied in this study. The curve is formulated in the following equation:
where is stress range, is cycle number, is constant, and is slope; the values of and can be selected from Table 1 . As for narrow band random vibration, Bendat [23] proposed a formula to estimate structures' fatigue life based on the power spectral density function; and the formula is written as follows:
In (42), Γ( ) is Gamma function, which is formulated in the following equation:
where is independent variable. Steinberg [24] also proposed an empirical equation for the fatigue life estimation based on the assumption that the PSD of wave load under infinite water depth condition PSD of wave load under finite water depth condition 
Case Study
Taking a jack-up platform as the example [25] , the quantitative research of the riser's fatigue life estimation is carried out by the method proposed in this study. The platform's parameters are listed as follows: = 6.48 × 10 6 kg, When we compute the spectrum of the random wave force, there are two independent variables of wavenumber and circular frequency in (24) . Under the condition of the finite water depth, these two variables have the dispersion relation as
With the increase of water depth, (45) is simplified into the following equation:
Under the finite water depth condition, three transcendental equations need to be solved in the calculation of the platform's power spectral density function. In this study, the power spectral density function of the platform was calculated by (45) and (46), respectively. The data are listed in Table 2 and plotted in Figure 2 ; the results show that there is a minor error between the finite water depth condition and the infinite water depth condition. Therefore, (46) is accurate enough to calculate platform's wave force spectrum. By calculating the mean square deviation of the random 6 Mathematical Problems in Engineering stress response, an approximate calculation formula for the platform's wave force spectrum can be obtained as follows:
The power spectral density function of the platform's lateral displacement can be obtained by (25) and (47) and is plotted in Figure 3 . The results show that the power spectral density function of the platform has two peak frequencies, which are wave force spectrum's dominant frequency and the platform's natural frequency; and the frequency band of the platform is mainly between these two peak frequencies.
In order to get the response of the riser, we have to calculate the riser's natural frequencies and weight coefficients of equivalent load firstly. In (37), there is an item of ( 2 / 2 ) 2 which can reduce the series' convergence rate. Therefore, it is necessary to consider the influence of high-order modes. The first ten orders data are calculated and listed in Tables 3 and  4 .
In this study, we take the random wave in one-year return period ( = 2.04 m) as the excitation. Based on (47), the power spectral density function of the stress resulting from additional displacement was calculated by (37) and plotted in Figure 4 ; and the power spectral density function of the stress originated from ( , ) was computed by (39) and presented in Figure 5 . Next, the power spectral density function of the total stress response was obtained by (40) and plotted in Figure 6 . The power spectral density function of the riser has the maximum value when its vibration frequency is equal to the platform's natural frequency. From the comparative analysis between Figures 4 and 6 , it can be deduced that the jack-up riser's response mainly comprises the additional displacement response.
Subsequently, the mean square deviation of the riser's random stress response was calculated and depicted in 40  25  50  85  35  20  45  15  55  60  65  70  75  80  30  90  95  10  110  105  100 x (m) Figure 7. The data shows that the riser has the maximum stress value at its clamped end. In order to determine the type of the riser's random response, the spectral width factor of the riser's stress response was computed by (48). The result shows that the spectral width factor at = 0 m is approximately equal to 0.16 (less than 0.3); therefore, the riser's response is a narrow band random vibration.
where is the spectral width factor; [ ] is the peak frequency. Figure 7 shows that the riser's clamped end ( = 0 m) is the most dangerous part. Therefore, the fatigue life of the whole riser system is decided by the fatigue life of the riser's clamped end. In this study, we chose grade B in Table 1 to estimate the riser's fatigue life. The fatigue life of the riser was computed by (42) and (44), respectively, and the data are listed in Table 5 . The data in Table 5 shows that the Steinberg method generates the shorter fatigue life; for the sake of safety, the Steinberg method is recommended to estimate the structures' fatigue life. It also can be deduced that the riser in this study cannot be used above level 3 sea condition.
Conclusions
Based on the Mindlin-Goodman method and the formula proposed by Steinberg, an analytical procedure for the jackup riser's fatigue life estimation is proposed. During the research, we also derived an approximate formula to solve the wave force spectrum.
It is found that the wave loading vibration of jackup riser is a narrow band random vibration. The infinite water depth dispersion relation between wavenumber and circular frequency is accurate enough to compute the wave force spectrum. The additional displacement response is the main component of the riser's response; and the fatigue life generated by the Steinberg method is less than that of the Bendat method.
The method proposed in this paper can be used to determine whether a special sea area and its sea state are available for a jack-up riser with surface BOP. Besides, the method can be extended to estimate the fatigue life of the Bernoulli-Euler beam with other boundary conditions under random support excitation.
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